Abstract A consistent N = 1 supersymmetric σ-model can be constructed, given a Kähler manifold, by adding chiral matter multiplets. Their scalar components are covariant tensors on the underlying Kähler manifold. The Kähler U (1)-charges can be adjusted such that the anomalies cancel, using the holomorphic functions in which the Kähler potential transforms. The arbitrariness of the U (1)-charges of matter multiplets is related to their Weyl-weights in superconformal gravity, before it is reduced to supergravity. The covariance of the Kähler potential forces the superpotential to be covariant as well. This relates the cut-off, the Planck scale and the matter charges to each other. A nonvanishing VEV of the covariant superpotential breaks the Kähler U (1) spontaneously. If this VEV vanishes, the gravitino is massless and depending on the above mentioned parameters there may be additional internal symmetry breaking. The separation of the different representations of chiral multiplets can be achieved by covariantizations of derivatives and fermions. Using non-holomorphic transformations, the full Kähler metric can be block-diagonalized and the necessary covariantizations come out naturally. Various aspects are illustrated by applying them to Grassmannian coset models. As an example the coset SU (5)/SU (2) × U (1) × SU (3) with the field content of the standard model is constructed. Phenomenological aspects of this model are analyzed.
Introduction
Like gravity, non-linear σ-models in four dimensions are not renormalizable. They involve a natural scale Λ above which new dynamics or new physical degrees of freedom can come into play. The existence of such a scale requires the introduction of a parameter f ∝ Λ −1 of inverse mass dimension. Below this scale the σ-models are useful as effective field theories, for example to describe the low-energy dynamics of bound states in strongly interacting gauge theories like QCD. Effective field theories also arise in the low-energy description of quantum string theory, in which case the string scale sets the limit of applicability. This scale is connected with the Planck scale, as classical gravity described in a general relativistic formulation is part of the effective long-distance physics which comes out of string theory.
Because realistic string theories require supersymmetry for their consistency, the most obvious candidates for effective low-energy theories arising from string models are four-dimensional N = 1 supergravity theories, subject to phenomenological constraints as well. These theories describe gravity and the other interactions in the context of a locally supersymmetric field theory, which is not renormalizable but well-behaved below the Planck scale. With well-behaved we mean, that by taking into account the presence of a cut-off, these theories give unambiguous and consistent answers to questions related to phenomena at distance scales large compared to the cut-off. In particular one requires the proper incorporation of symmetries and the absence of anomalies in local gauge-invariances like those of the electro-weak or grand-unified interactions.
For such reasons it is important to be able to construct the most general locally supersymmetric field theories including local chiral and non-chiral gaugeinteractions free of anomalies at the quantum level. In this paper we address this question within the context of conventional representations of N = 1 supersymmetry, which besides the supergravity multiplet include complex chiral and real vector multiplets.
The complex scalars of the chiral-multiplet sector of an N = 1 supersymmetric theory parameterize a Kähler manifold. In particular, the low-energy lagrangean of this sector is determined by a single real function of the chiral superfields Σ A , the Kähler potential K(Σ, Σ), from which objects like the metric and curvature of the manifold can be computed. Interesting examples of Kähler manifolds include cosets of the Grassmannian type [1, 2, 3, 4] , and those based on exceptional groups like E 6 /SO(10) × U(1), E 7 /SU(5) × SU(3) × U(1) or E 8 /SO(10) × SU(3) × U(1) [5, 6, 7, 8, 9] .
The pure N = 1 supersymmetric σ-models can be extended in several ways: by adding superpotentials, by gauging some or all of the isometries and by adding additional matter superfields in appropriate representations of the isometry group. For model-building purposes it is necessary to analyze what kind of low-energy physics then emerges from these models and their various extensions. This is a highly non-trivial question, as supersymmetry requires the inclusion of many rather special scalar potential terms and Yukawa couplings for its consistency. The patterns of internal and supersymmetry breaking, and of boson and fermion masses emerging from these models can become quite intricate.
Further constraints come from requiring the light particles in the model to have assigned charges and other quantum numbers to them, consistent with standard-model phenomenology, and to be free of chiral anomalies in the σ-model or gauge interactions. This has been the subject of various earlier investigations [10, 11, 12, 13, 14] . In these studies it was concluded that many models based on mathematically interesting coset spaces like the symmetric spaces, appear to suffer from problems in these respects. However, in a recent paper [16] we showed that the U(1) charge assignments of the chiral superfields allow more freedom then was previously thought. As a result anomaly cancellation can be realized in phenomenologically interesting ways by combining appropriate representations of isometry groups, even in models based on these coset spaces. It is then of clear importance to study which consistent effective supergravity models can be constructed incorporating these ideas.
The present paper is a step in this direction. Building on the results of [17, 18, 24] , we discuss the extension of the supergravity lagrangeans necessary to include non-linear internal gauge symmetries. We describe how the non-linear transformations can be modified to assign arbitrary U(1) charges to supermultiplets in any representation of the internal gauge group, and we discuss the cancellation of anomalies.
This paper is composed as follows. The main aspects of gauged supersymmetric σ-models on Kähler manifolds are reviewed in section 2. We discuss their extension to local supersymmetry in section 3. This includes a description of the role of the non-linear compensating scalar multiplet introduced in [16] . Section 4 analyses the phenomenology in supergravity of models where the Kähler potential transforms covariantly. In section 5 the various constructions are applied in the context of the Grassmannian coset spaces U(n + m)/U(n) × U(m) and its noncompact analogs. An anomaly-free supersymmetric model of a family of quarks and leptons in representations of SU(5)/SU(3) × SU(2) × U(1) is presented in sect. 6 . Diagonalization of the metric and propagators is discussed in a general geometrical setting in section 7, using some of the geometrical constructions presented in the appendix. Its implementation in the case of Grassmannian models is given in section 8. The vacuum configuration of the Grassmannian model based on SU(5) with the standard model particle spectrum is analysed. The conclusions and lessons drawn from these investigations are summarized in section 10 . Their applications to other models are described in a separate publication [19] .
Supersymmetric lagrangeans
In this section we present the machinery to describe N = 1 supersymmetric lagrangeans [23, 1, 2, 3] . The geometrical objects we use in this section are just short-hand to cast the formulae in a more systematic form. The geometrical aspects are of use later on in this article. All the supersymmetric field theories which are developed in this section have to be interpreted as effective field theories involving a cut-off scale f −1 . This cut-off scale is used explicitly only when needed to give a certain object its canonical dimension.
Let Σ A = (Z A , ψ A L , H A ) be a set of chiral multiplets, where Z A is a physical complex scalar, ψ A L a chiral fermion and H A is an auxiliary complex scalar. The index A enumerates the multiplets in the set. The kinetic part of the lagrangean for such chiral multiplets is given in terms of a real composite superfield K(Σ, Σ) by the following supersymmetric expression
The complex hermitean metric g AA can be derived from the Kähler potential K(Z, Z) by
The auxiliary fields H A are redefined asĤ
the complex connections. The four-fermion terms have been rewritten with the help of the curvature tensor
In addition one can write down a lagrangean determined by a holomorphic function W , called the superpotential, of chiral superfields
It follows from the lagrangean (2.1) that the symmetries of this supersymmetric model are given by the isometries of the metric g AA which leave (2.5) invariant 1 .
1 In fact W may transform with a phase factor which does not depend on the fields, which can be compensated by a chiral rotation of the fermions to leave the Yukawa couplings invariant. This so-called R-symmetry is broken if the superpotential does not transform homogeneously.
The isometries are generated by a complete set of the Killing vectors R A i (Z) which determine the transformation rules for the chiral multiplet completely
The Killing vectors satisfy the Killing conditions g AB R
This defines a representation of the abstract algebra δ [i δ j] = f k ij δ k of a group with the structure coefficients f k ij , satisfying the Jacobi identities for consistency. The Kähler potential K may transform under the isometries (2.6) as
The functions F i (F i ) are (anti-)holomorphic functions, as the metric is defined by (2.2). By using the group property of the isometries and the fact that F i and R i are both holomorphic, it follows that the algebra of the functions F i is determined by the structure constants, up to an imaginary constant part:
where the constants a ij are real and anti-symmetric. By an appropriate shift of the functions F i these constants can be absorbed into the definition of F i , so as to give
Thus the holomorphic functions F i transform as a 1-cycle. In case the Ricci tensor R AA is proportional to the metric: R AA = f 2 g AA (Einstein spaces), the Kähler potential can be written as K = f −2 ln det g and the holomorphic functions are given by 
They transform under the isometries in the adjoint representation
When the isometry group is semi-simple, all geometrical objects of the Kähler manifold can be expressed in terms of Killing potentials [20, 21] . If part of the internal symmetries are local, the partial derivatives in eq.(2.1) and in the Kähler covariant derivative D µ have to be replaced by gauge covariant ones given by
where A i µ are the gauge fields corresponding to the local symmetries. They are components of the vector multiplets
, with λ i representing the gauginos and D i the real auxiliary fields. After the introduction of the gauge fields in the lagrangean (2.1) via the covariant derivatives (2.13), the σ-model itself is not invariant under supersymmetry transformations anymore. This is resolved by adding the terms
to the lagrangean (2.1), including Fayet-Illiopoulos terms if applicable. The kinetic terms for these vector multiplets take the form [17, 18] 
where the f ij are chiral superfields transforming covariantly under the group of isometries; for example, they can be holomorphic functions of the chiral superfields Σ. The anti-selfdual field strength is defined as
The covariant derivative acting on the gauginos is defined in the adjoint representation. The standard form of the function f ij is f ij (Z) = σ(Z)η ij where η ij is the Killing metric defined from the structure coefficients 16) and σ(Z) is an invariant holomorphic scalar coefficient. The indices i, j, . . . run over the gauged part of the isometries and δ ij is the Killing metric normalized by the Casimir C A of the adjoint. When a direct product group of subgroups is gauged, there are as many different coefficients σ (i) as there are subgroups. The real parts of the coefficients: Re (C A σ (i) ), can be interpreted as coupling constants 1/(g (i) ) 2 . From the covariance of the Killing potentials, eq.(2.12), it is obvious that in non-supersymmetric models one can write down a general class of non-minimal kinetic terms for the gauge fields, with f ij of the form
Here the coefficients σ and ρ must be scalars under the internal symmetries. The inverse of f ij can be obtained if its determinant is non-zero; this happens in particular if the Killing metric η ij is invertable and σ, σ + ρ(M k ) 2 = 0. The non-minimal kinetic terms of this type are more complicated than the ones usually discussed in the context of N = 1 supersymmetry, as for ρ = 0 the f ij are non-holomorphic functions of the chiral goldstone-boson superfields. Supersymmetrization of these terms is possible, but only at the expense of introducing higher-derivative terms for the chiral multiplets.
To see this, we recall that in terms of components the W i form a particular kind of chiral spinor-tensor multiplet, obtained from the vector multiplet V by
Now the σ-model action itself is derived from a composite abelian vector multiplet K = (B µ , Λ, D), with components defined as
Here L = L K + ∆L K is the gauged extension of the σ-model lagrangean, as discussed previously; by construction it is invariant under supersymmetry modulo a total derivative. To the vector multiplet K corresponds a similar spinor-tensor multiplet, with components 20) where 
according to the definitions above. The Killing vectors (2.23) for the σ-model and matter multiplets satisfy
The components of the σ-model multiplets Φ α transform according to (2.6) but with Z A replaced by z α , etc. The transformation rules for components of the matter multiplets Ψ A are more involved
Notice that the chiral matter fermions χ A L do not transform into themselves if the transformations R A i B depend on the σ-model fields. In section 7 the chiral matter fermions are redefined such that they transform covariantly, see eq. (7.14) in that section.
Below we give a number of examples of matter multiplets and construct their Kähler potentials. Because the transformation rules for the complex matter scalars x A are linear in themselves, it follows that Kähler potentials for the matter multiplets are invariant unless the Kähler potential is a sum of holomorphic functions of these matter fields and their complex conjugates already 2 .
Given the Killing vectors R α i , the Kähler potential K σ and hence the metric g σᾱα for the σ-model multiplets, it is straightforward to give explicit examples of the transformations of matter multiplets. By noticing that the metric g σ defines an invariant line element on the Kähler manifold by ds 2 = dz α g σ αα dz α , it follows that scalar fields x α which transform as differentials 26) have an invariant Kähler potential given by
With the subscript 1 we indicate that this is the coupling of a rank one tensor (a vector) to the σ-model. The complex scalar x α can be part of a chiral multiplet
Its transformation rules are given by equations (2.25) when A, B are replaced by α, β. By taking tensor products of n such vectors one can built a rank n tensor chiral multiplet which is coupled to the σ-model. It is possible to construct irreducible representations of the linear isometries by (anti)-symmetrizations and by taking traces. This construction is called covariant matter coupling [15, 22, 16] .
It is also possible to couple a singlet chiral superfield Ω = (s, χ L , f) nontrivially to a σ-model [16] . The singlet chiral multiplet Ω transforms as
which forms a representation, see eq.(2.9). Note, that as the matter fields transform linearly into themselves, we have F i (Φ, Ψ) = F i (Φ). We have taken the scalar component Ω dimensionless, as is convenient for the applications of Ω later. A covariant Kähler potential for this singlet Ω is given by 29) which transforms opposite to the Kähler potential K σ of the σ-model fields. The components of the multiplet Ω are non-propagating, as K Ω is a sum of a holomorphic and an anti-holomorphic function. One can use this compensating multiplet Ω to rescale other matter multiplets so as to assign arbitrary U(1) charges q (A) to them [16] . Indeed, let Ψ A be a set of matter multiplets described by a Kähler po-
and their Kähler potential has to be modified tō
The Kähler potential K cov denotes any Kähler potential transforming in the same way as K σ . The case where K cov = K σ was discussed in ref. [16] . The numbers q (A) are arbitrary real numbers and may be fixed by dynamical considerations, like anomaly cancellation 3 [16] . We finish this section by fixing the notation for the general considerations below. In the following we denote the Kähler potential for all physical σ-model multiplets Φ by K σ (Φ, Φ), and the Kähler potential for all physical matter multiplets Ψ A by K m (Ψ, Ψ;Φ, Φ). The matter fields Ψ A residing in K m may be rescaled by some power of Ω. K = K σ + K m is the sum of these two Kähler potentials.
In the discussion of superpotentials (2.5), it is often convenient to introduce a compensating superpotential w(Σ): a dimensionless composite chiral superfield which transforms as δ i w = qf 2 F i w under the internal symmetries, with q a real number 4 . With such a holomorphic function w, an invariant Kähler potential can be defined in terms of the physical fields only
Here the covariant superpotential W is defined by 3 Non-linear chiral multiplet coupled to supergravity
We now turn to the coupling of gauged chiral multiplets to supergravity, as discussed for example in [17, 18] , generalized to include (holomorphic) non-linear gauge transformations. This coupling to supergravity has also been discussed in [24] using the superspace formalism [25] . A related approach using Kähler superspace [26] can be found in [27] . Besides presenting a review of this coupling, the main purpose of this section is to relate it to the rescaling of the matter multiplets we discussed in the previous section. We make the same distinction between σ-model multiplets Φ α and matter multiplets Ψ A as in section 2. Of the latter 3 This works because one can define covariant matter fermionsχ A L using (7.14) transforming as δ iχ
L , as we show in section 7. 4 Such a compensating superpotential w can always be constructed: for instance add two physical singlets S + and S − with opposite charge to cancel any anomalies, and consider w = f S + . the compensating singlet Ω plays a crucial role in the locally supersymmetric case as well. The matter fields Ψ A are initially assumed to transform covariantly; rescalings by powers of Ω come out naturally, as we show below.
As was discussed in ref. [17] an elegant way of coupling chiral multiplets to supergravity goes as follows: first couple the chiral multiplets to superconformal gravity, using a compensating multiplet Ω. By fixing a set of gauges involving this compensating chiral multiplet Ω the superconformal algebra is reduced to the super-Poincaré algebra. On a chiral multiplet
Here (λ, θ) are the parameters of local scale and chiral U(1) transformations, whilst the spinors (ǫ, η) parameterize local Q-and S-supersymmetry transformations, respectively. Furthermore ω = (ω (α) , ω (A) ) denote the Weyl-weights of the chiral multiplets; the Weyl-weight of Ω is taken to be ω (Ω) = 1. The special conformal boosts do not have to be considered here as their only role is to fix the Weyl gauge field b µ to zero when we restrict to Poincaré supergravity. The covariant derivatives are superconformal derivatives with the non-linear gaugecovariantizations (2.13) included.
Under the internal symmetries the σ-model fields Φ α and the matter fields Ψ A transform according to eqs. (2.23) . Generically this requires the conformal Weyl weights of the σ-model bosons to vanish; formally this is derived by requiring the internal symmetries and the space-time symmetries to commute:
By a similar argument any additional U(1) symmetries entering the theory should leave the σ-boson fields inert as well. Furthermore, the Weyl weights of the matter multiplets in a single irreducible representation must all be equal. We can make them vanish as well by multiplying with an appropriate power of the compensator:
Clearly, the dimension of the physical fields (as opposed to the Weyl weight) is kept fixed by taking Ω dimensionless. For later use in constructing invariant actions we demand that the compensating superfield Ω transforms like a nontrivial singlet (2.28) under the internal symmetries as
with F i (Φ) having vanishing Weyl weight: ω (F i ) = 0, but -like for the Kähler potential itself-the mass-dimension dim[F i ] = 2. Therefore we have introduced the inverse Planck scale κ = 1/M P . By eq.(2.28) this implies that the multiplet Ψ ′ A transforms under the internal symmetries as
which is precisely the form of equation (2.30) with q
These charges were introduced more or less ad hoc in ref. [16] , so as to cancel anomalies. From now on we assume that we have performed this rescaling to all the matter fields, therefore we drop the prime on the matter fields.
With these results in mind we proceed in the standard way [17, 18] to construct invariant functions of the superfields and use the density formula for real superfields of Weyl-weight 2 and chiral superfields of Weyl-weight 3 to obtain superconformally invariant lagrangeans. Let K be the Kähler potential for the σ-model fields Φ α and the matter fields Ψ A which is covariant
One defines a dimensionless invariant Kähler potential G by
e G is a real superfield with Weyl-weight 2 and is inert under all internal symmetries. Hence by using the density formula for a real Weyl-weight 2 superfield it follows that the lagrangean e
is invariant under superconformal and internal symmetries. For similar reasons the only Weyl-weight 3 F -term lagrangean one can write down is (Ω)
where the covariant superpotential W is a dimensionless holomorphic function of Φ α and Ψ A . This lagrangean is inert under the internal symmetries provided that the superpotential transforms as
again with the Weyl weight and rescaling charge q of eq. (2.32) related by qf 2 = ωκ 2 . The particular power 3/ω of the superpotential W is required precisely to satisfy this transformation rule. By redefining the compensating multiplet as
it is inert under all internal symmetries and the superpotential can be absorbed into the extended Kähler potential K [17]
where K is given by eq. (2.32) with the above substitution qf 2 → ωκ 2 . Therefore a superpotential for the physical fields necessarily transforms as in eq. (3.8) .
From now on we use the redefined singlet Ω ′ of eq.(3.9), unless explicitly stated otherwise; therefore we drop the primes on Ω. Although we now consider nonlinear internal symmetries the Kähler potential K takes the same form as given in ref. [17] . But because of this non-linear nature, the gauging of part of the internal symmetries leads to some modifications of the invariant lagrangean. These modifications only come from the D-terms and gaugino-matter coupling which we discuss below 5 . The crucial part of the lagrangean in eq. (3.14) of ref. [17] generalizes to
where R 
, using (2.11) and the vanishing of F i , as G is inert under the internal symmetries. This holds for the Kähler potential K as well, and the Killing potential can be expressed as
For example, with the matter terms of the form
the Killing potentials can be expressed as [16] 
(3.14)
5 All gauge couplings now involve the Killing vectors R A i as well.
The part of the lagrangean (3.11) can be written in terms of Killing potentials as
The total lagrangean in superconformal gravity of gauged non-linear isometries with matter couplings is given by
To reduce the lagrangean (3.16) to Poincaré supergravity with matter coupled to it, one has to perform a number of gauge-fixings [17] . This can be done in a clever way [18] by choosing
using the components of Ω = (s, χ L ). We now briefly review the relationship between this setup and the formulation of refs. [24, 26] . If one does not perform the redefinition (3.9) the superconformal lagrangean reads
It is inert under all internal symmetries provided that the compensator Ω transforms according to eq. (3.4). If one reduces to Poincaré supergravity by applying the gauge fixings (3.17) with K replaced by K the results of refs. [24] are obtained. The gauge fixings eq. (3.17) in this situation are not invariant under the internal symmetry transformations; this can be compensated by a chiral rotation [24] 
on all spinors ψ. One could also consider arbitrary holomorphic functions F in eqs. (3.6) and (3.4) instead of the functions F i , which are dictated by the isometries (2.23) . This is the basis of Kähler superspace [26] where the Kähler U(1) transformations are gauged. Notice that the redefinition of the compensator (3.9) is a special case of this. It is clear that the lagrangean (3.18) is invariant under these transformations. This reflects the fact that in supergravity the Kähler potential K and the superpotential W are not independent. In this article our primary concerns are the isometries of the σ-model and the holomorphic functions F i they induce. Therefore we choose to work with the invariant Kähler potential K and the lagrangean (3.16), amounting to a specific gauge in Kähler supergravity.
Vacuum configuration
In the previous section the construction of (locally) supersymmetric lagrangeans for σ-models with non-linear symmetries was discussed. We now make a first step in the analysis of the phenomenology of such models. The scalar potential V is given here before the auxiliary fields are eliminated. This has the advantage that breaking of supersymmetry is encoded in the vacuum expectation values of the auxiliary fields: supersymmetry is broken iff at least one auxiliary field has a nonvanishing VEV. We do not consider any fermion condensates here. Combining the results of eqs. (2.1), (2.5) and (3.15), the scalar potential for the auxiliary and physical scalars in Poincaré supergravity reads
using the results of ref. [18] together with the generalization for non-linear symmetries of section 3. In this scalar potential the Kähler potential is given by eq. (2.32). If supersymmetry is unbroken, the gravitino may still have a nonvanishing mass > 0 and the covariant superpotential vanishes in the vacuum. Because of the covariance of the superpotential W the gravitino mass is linked to the breaking of internal symmetries, as
If < W > = 0, the symmetries for which < F i > = 0 are broken. In particular the U(1)-factor of the linear isometries produces a constant function F U (1) = f −2 a, hence this U(1) is broken as soon as < W > = 0. Observe that the inverse is not necessarily true: when the gravitino mass vanishes (< W >= 0) symmetry breaking is not automatically ruled out.
In the absence of fermion condensates the equations of motion of the auxiliary fields in the vacuum are
If the metrics Ref ij and g AA are invertable, the scalar potential can be written in hybrid form as 
the scalar potential diverges for W = 0 unless for all A the first derivative of the superpotential vanishes as well. In that case the scalar potential still diverges if
In this case the scalar potential can diverge to ± infinity depending on the details of the Kähler potential. (In the case where not all W ,A = 0 the potential always diverges to + infinity, as |W ,A | 2 is always positive in that situation.) We now discuss the consequences of the analysis above. If − 1 ω > 1, the σ-model cut-off is in general bigger than the Planck-scale. In this case < W >= 0 but the derivatives of W do not have to vanish. The condition < W >= 0 may give rise to additional internal symmetry breaking. In the situation 1 ≥ − 1 ω > 0 the Planck scale may be much bigger than the σ-scale, and not only < W >= 0 but also all < W ,A >= 0. This means that there are more restrictions on the VEVs of the scalars and hence there may be more symmetry breaking and/or more parameters are fixed. In this case all the auxiliary fields (4.4) of the chiral multiplets vanish, therefore F -term supersymmetry breaking is not possible. The spontaneous supersymmetry breaking can therefore only occur if the auxiliary D-fields (4.4) acquire non-vanishing VEVs. Soft supersymmetry breaking masses can still arise because of non-renormalizable contributions. We show how this works out in practice in section (9) , where the vacuum configuration of a Grassmann σ-model with a standard model-like spectrum is discussed.
Grassmannian Manifolds
In this section we illustrate the general constructions discussed above with the example of Grassmann manifolds. Considering a particular model which decribes quark doublets, we show that anomaly cancellation is possible when we extend it to a non-linear version of the standard model. A Grassmann manifold is a homogeneous space which is obtained as the coset
. The parameter η distinguishes the compact and non-compact case: the compact group (S)U(m + n) has η = 1 and the noncompact group (S)U(m, n) has η = −1. Note that the second expression G/H for the coset manifold is obtained from the first one by cancelling a U(1) factor between the numerator and the denominator. This U(1) may still act on the fields in our models, where it then represents a central charge (it commutes with all generators of G). Refs. [1, 2, 3] provide the Kähler potential for these models, which can be written as
with the inverse metrics g −1 andg
Here f is the parameter with the dimension of inverse mass setting the scale; it gives the fields Q their canonical dimension. Two traces have been introduced: tr m acts on m × m-matrices and tr n on n × n-matrices. The superfield matrix Q = (Q ia ) has vector indices in both SU(m) and SU(n) andQ = (Q ai ) is its conjugate. We take the indices i = 1, . . . , m and a = 1, . . . n. In subsection 6 we interpret Q ia as a chiral multiplet containing a quark-doublet. The two real constants a and b obey a + b = 1 and hence drop out of (5.1) after evaluating the traces. The constant c defined by mnc = ma − nb, which may be used to characterize the central charge, is therefore not fixed uniquely. The non-linear realization of the U η (m, n) algebra on multiplets Q andQ takes the form
where M (N) represents the matrix of infinitesimal parameters of SU(m) (SU(n)), ǫ an n × m-matrix and θ Y is a real number. We also introduce a real parameter θ C for the central charge, but by construction the goldstone fields Q,Q are inert under the central U(1). The Lie algebra corresponding to the tranformation rules (5.3) can be stated as 
Here the holomorphic matrix-valued functions
and their conjugates transform in the adjoint representation of U η (m, n). Using (5.5) it is easy to show that K σ in eq.(5.1) transforms as a Kähler potential
As the functions H andH transform in the adjoint representation, so does the holomorphic function
Next we discuss matter coupling to the Grassmannian model. Let R(Σ, Σ) andR(Σ, Σ) be m × m-, resp. n × n-matrix-valued composite real superfields. They are called left, resp. right, covariant if they transform as
under the U η (m, n) isometries of the Grassmannian manifold. Invariant Kähler potentials for these real composite superfields R andR are provided by tr m (gR), tr n (gR). (5.10)
By eqs.(5.5) it follows that g −1 , resp.g −1 , are left, resp. right, covariant but the construction mentioned above gives trivial results for these examples. To obtain non-trivial results, consider the chiral multiplets L i and D a which transform under U η (m, n) by left, resp. right, multiplication By taking tensor products of multiplets which transform like L and D, one can obtain higher rank U(m) × U(n) tensors chiral multiplets.
As the function F defines a cycle, transforming with the structure constants of the gauge group, see eq.(2.9), we can use (2.28) to couple a multiplet Ω which is a singlet under the semi-simple part of the unbroken symmetries to a Grassmannian manifold by
For later convenience, we take Ω dimensionless. The rescalings with this singlet changes the Y charge as well as the central charge C. Notice that we can introduce another singlet Ω ′ with the same transformation rules as Ω but with a different value for the central charge c ′ , as the choice of parameters a and b in eq.(5.1) is not unique. Therefore we can define two independent non-trivial singlets Ω Y and Ω C which transform as
where we set the central charge c of Ω C to unity. When rescalings with Ω Y are performed, one needs to modify the metrics (5.2) because this rescaling also generates additional non-linear transformations. For rescalings with Ω C this is not the case; it can in principle be applied to all multiplets. In the following we discuss the effects of rescalings on matter with a general singlet Ω only, as rescalings with Ω Y or Ω C are just particular examples of this. Any given chiral multiplet, for example L, can be rescaled by a (non-physical) singlet Ω to L ′ = Ω l L, which transform as
using the transformation (5.13) of the singlet Ω. In this way the right charges can be assigned to multiplets allowing for specific physical applications. 
the generalizations of the Kähler invariants (5.12) are given by 19) with the modified metrics
We next turn to discuss the Killing potentials. We denote all Killing potentials M i collectively as M = θ i M i , where θ i stands for the parameters of the isometries. We first focus on the part M σ of the Killing potential depending on the σ-model fields Q andQ only; afterwards the matter contribution M m is examined. The complete Killing potential is given by M = M σ + M m . Both the σ-model and matter Killing potentials can be written conveniently in terms of the matrices
under some mild assumptions as we see below. Here we have used the index notation (ia) to emphasize that this index refers to the superfield Q ia . Using eq.(2.10) for the σ-model fields Q andQ we find that their Killing potential can be written as
Notice that W −1 δW plays the role of F and that the covariant superpotential W in combination with the σ-model Kähler potential forms an invariant.
To discuss the Killing potential due to matter fields in some generality we introduce some further notation. We discuss only the rescaled matter field L here, as it is easy to generalize our discussion to the matter field D and tensor products. Define the m × m matrix real composite superfield [LL]
where where the field dependent matrices P andP encode the details of the full Kähler potential. Using these matrices one can state the Killing potentials for the different symmetries of U η (m, n) as
26)
In combination with the vector field strengths, also transforming according to the adjoint representation, we can now construct the invariant
µν . For example, if we gauge the full SU η (m, n) (but without the central charge), the Killing potentials M σi of the pure σ-model give
Here (V µ , W µ , Z µ ,Z µ , A µ ) are the vector fields for SU(m), SU(n), the off-diagonal generators of SU η (m, n), and U(1), respectively. The kinetic terms for the gauge fields then can be constructed as 28) where the dots denote the supersymmetric completion. We observe, that in the case that all isometries are gauged (for η = +1), the unitary gauge is Q =Q = 0, and therefore the higher-order scalar derivative terms are absent. As M σ acquires a vacuum expectation value, it becomes constant and the non-minimal gaugekinetic terms become of minimal type, but with a renormalized value of the U(1) gauge coupling w.r.t. the gauge coupling of the other SU(n+m) fields; after some rescaling we find
Note that the D-potential which accompanies the gauging induces mass terms for the vector bosons (Z,Z). In the present normalization of the lagrangean the mass-term for the heavy gauge bosons is just m Z = 1/f , but the physical masses then become to lowest order
Grassmannian standard model
We now turn to an example illustrating how one can cancel anomalies by adding rescaled matter multiplets. If we consider the case with m = 2 and n = 3 then the Grassmannian manifold may be the basis of an SU(5) unification model with the standard model group SU(2)×U(1)×SU(3) as the unbroken subgroup. We do not require the U η (2, 3) to be compact nor do we disregard the central charge C. In the standard model the field content is such that all possible anomalies cancel in each (The notions singlet and doublet here refer to SU(2) representations.) If one wants to consider models with more generations, the simplest thing is just to take a number of copies of this structure. Only in the quark doublet sector there will be a difference: an additional quark doublet Q ′ is to be coupled covariantly to the σ-model spanned by Q. We do not pursue multiple generation models here further. Finally we introduce a Higgs sector consisting of two SU(2) doublets H ± with opposite charge. The introduction of the Higgses is necessary for the breaking of SU(2) × U Y (1) to U em (1) .
The hypercharges in the standard model are assigned so as to produce anomaly cancelation. In the supersymmetric models the chiral fermion representations have to be completed to the chiral supermultiplets Q ia , L i , D a , U a , H ± and E. However if we use the standard coupling of matter multiplets to the Grassmann σ-model we do not obtain the correct charge assignment.
In table 1 the hypercharge Y w for the chiral multiplets containing the quarks and leptons is compared to the canonical charge Y defined on the Grassmannian manifold, as e.g. obtained from the couplings in eqs. (5.3) and (5.11). In the third column we have evaluated these U(1) charges in the case of U η (2, 3) (SU (5)). In the fourth column we have given the central charges C of the multiplets. As is obvious from this table the hypercharges Y w required in the standard model do not match the charges Y . (For this to happen, we should have Y = 15Y w for all fields.) However from eq. (5.13) we see that the singlet chiral multiplet Ω Y has U(1) charge mn = 6 in the U η (2, 3) model. By employing the rescaling:
Y Ψ any chiral multiplet Ψ can be given an additional charge k mn. In the last column we have given the powers (l, d, u, e, h ± ) to which the singlet has to be raised in order the find the right hypercharge assignment for the standard model. In a similar way the central charges C may be ajusted to coincide with the B − L quantum numbers.
In the following we assume that we have performed the rescaling to the chiral multiplets as given in this table and hence we can state the Kähler potential.
where K L and K D are defined in eqs.(5.19) and K E , K H ± and K U are defined in a similar fashion.
As fundamental compensating superpotentials we may take
,
Using the SU(2) invariant ε-tensor, it follows that w L− is a SU(2) singlet. These compensating superpotentials transform as δw = qηf 2 F w where the numbers q is given in the brackets in (6.2). The central charge c w of the compensating superpotential determines the central charge of the holomorphic functions into which the Kähler potential transforms: qmnc = c w . Combining these compensating superpotentials to another superpotential puts restrictions on the choice of C-charges of the superpotentials (6.2). For example
where a and b are complex constants, demands that c w E = −c w L− . This in turn puts restrictions on the C-charges of the matter fields.
For the invariant superpotential W we take a part of the standard model superpotential:
The first term α is a constant with dimension of (mass) 3 ; the second term is the usual Yukawa coupling in supersymmetric models and the third term is the Higgs interaction. Notice that in this model there are no Yukawa interations for the quarks, as the quark doublet superfield Q does not transform covariantly. Notice that the superpotential W has a homogeneously vanishing central charge if c e + c l + c − = 0 and c + + c − = 0. Also notice that these central charges can be choosen in accordance with the lepton number L. In that case we can take c + = c − = 0 and −c e = c l = 1. The central charges of the quark multiplets (D, U) can be chosen to match the baryon number. However, this method does not apply to the left-handed quarks described by the σ-model superfields Q
Separation of submanifolds
If one considers the combined system of a non-linear σ-model with additional matter coupling to it, the metric of that total system is in general not diagonal: one can have mixing between different representations of the symmetry algebra in the quadratic kinetic terms of the scalars and chiral fermions. This is carried over to the definition of propagators. If one knows that the theory is constructed out of several sectors, one would like to be able to assign to each sector a separate metric, without mixing between different sectors. This requires the metric to be block diagonal, with each block representing the metric of a different representation of the isometry group. With the machinery developed in the appendix this can be done elegantly without too much computational difficulty.
We consider a Kähler manifold parametrized by the coordinates Z A = (z α , x A ) and their conjugates. The method we follow generalizes the result of ref. [28] where only quadratically coupled rank 1 matter was considered:K m =x α g αα x α , with the metric g αga depending on z α andz α . However, the starting point of this section is more general, allowing any Kähler potential K of the σ-model and matter fields. First we identify the σ-model Kähler potential K σ (z, z) and the matter Kähler potential K m (x, x;z, z) by
The notation gx x for the matter Kähler potential is very suggestive as it reduces to gx x =x A g AA x A when matter is quadratically coupled. To take this analogy to the case of quadratic matter coupling a bit further, we define
whilst the metrics for the matter and σ-model fields are
To be able to use the method explained in the appendix, we first need to define the non-holomorphic transformation matrices X
We do this by demanding that the transformations (A.5) block-diagonalize the metric of the combined system of σ-model fields and matter and leave the metric for the matter fields unchanged. The metric of the combined system is
where g σ αα is the metric of the σ-model without matter coupling. Then the appropriate transformation is given by the matrices
In analogy to the quadratically coupled case [28, 16] we have introduced generalizations of the connections
and their conjugates. (There is no object Γ A xC as a similar definition as in eqs. (7.6) just gives Γ A xC = δ A C .) Indeed, the metric of the full system after this transformation is
with the effective metric for the z α ,z α scalars given by
In this derivation we have assumed that the metric g AA is invertable, and we have used the generalized curvature Rx xαα defined by
In the following we also assume that the metric (7.7) is invertable. Notice that the inverse of this transformation is given by the same matrices (7.5) but the primed-indices now are downstairs and there is an additional minus-sign in front of the off-diagonal parts. We could also have chosen the matrices (7.5) differently to block diagonalize the total metric (for example use an upper triangle matrix for the first one) but as the metric g σαα was already modified (see eq. (7.4)), it is most convenient to include all the other modifications in there as well. They can all be combined simply in the curvature (7.9) .
Using the connections (7.6) one can define quite a number of generalized curvature components
Other generalized curvature components either vanish or are irrelevant in the following.
Let us mention an important application of the transformation diagonalizing the metric to eq. (7.7). For several physical applications, like determining whether there is soft supersymmetry breaking, one needs to know the contracted connection Γ A = Γ B BA and the Ricci-tensor R AA = g BB R BBAA of the full model. In particular the calculation of the curvature can be very tedious even in the setup presented here, and it is hard to obtain the Ricci tensor in this way. However it is well known that the contracted connection and the Ricci tensor can be obtained from the determinant det g of the metric
As the transformation matrices (7.5) are upper-or lower-triangular matrices their determinants are unity. Therefore we may use the block-diagonal metric (7.7) to calculated the determinant of the full metric: det g ′ = det g. There are some further applications of the method discussed in the appendix. If the transformations described by the matrices (7.5) are applied to the derivative of the coordinates z α , x A we find that (A.4))
The derivative D µ x A ′ is covariant under holomorphic transformations. From now on we drop the primes on the indices if no confusion is possible. Using these definitions the kinetic energy of the boson fields z α and x A can be written as
The fermion χ A L , the fermionic partner of x A , is turned into a covariant vector by the same transformation
where the hat denotes covariantization.
So far we have only discussed how the metric and covariant vectors behave under the transformations described by the matrices (7.5). This is sufficient to write the kinetic lagrangean for the complex scalars in a convenient form. We now turn to the calculation of the kinetic lagrangean of the chiral fermions. These terms in eq.(2.1) involve the covariant derivative on the chiral fermions of the full sytem, so we have know the form of the covariant derivate on a covariant vector V A . To calculate this we use eq.(A.8) of the appendix:
This means we have to calculate the non-vanishing contributions to the connection Γ
which involves the metric g α ′ δ ′ of the transformed system. On the r.h.s. the index C ′ = (γ ′ , C ′ ) is written out explicitely using a row-vector notation. The non-vanishing components of U
In these expressions we have made use of a covariant derivative in Rx xα ′ α ′ ;γ ′ which is defined in the usual way using the connections given in equations (7.6), whilst we have used the identities
With this it is easy to give the rewritten covariant derivative explicitly. As an application we give here the kinetic terms of the supersymmetric lagrangean (2.1) for the chiral fermions including covariantizations:
with the covariant derivatives defined in eq. (7.12) and
The four-fermion terms can be calculated by using eq. (A.11) in the appendix.
Geometry of matter in Grassmannian Models
The previous section was devoted to the question of how one could make the metric of the combined system of matter and σ-model fields block diagonal. In doing so we noticed, that these techniques can be applied to make all kinds of functions of fields covariant under the isometries of the underlying σ-model. In this section we show how these methods may work in practice with the example discussed in section 3 of consistent Grassmann σ-models with the field content of the standard model with one generation. Our starting point is the quadratically coupled matter Kähler potential (6.1). Using the results of section 7 we have computed the connections (7.6)
The connection for U is similar to the one for D, and the connections for the Higgses H ± are similar to the one for L. (In models with more generations, the quark doublets Q ′ have the same connection as the σ-model field Q.) To make a distinction between indices referring the original σ-model fields Q ia and matter indices a and i, we write (ai) for the former ones. Notice that the normal gauge, in which all connections vanish, coincides with the unitary gauge Q = 0. Because of the global U η (2, 3) invariance, the vacuum can always be studied in the normal gauge by setting < Q >= 0. Using these connections, one obtains the covariant chiral fermions by eq. (7.14), for examplê
Because we only consider quadratically coupled matter here, we have Γ 
using the notation [LL], etc., of section 5. The metric G (bj)
σ (ia) of the σ-model fields Q andQ in the presence of matter multiplets E, L, D, U becomes
using eq.(7.8) as well as the curvatures (8.3) with the short-hand notation
Notice that in the unitary gauge Q = 0 the metric G σ does not reduce to the metric without matter coupling g σ evaluated at Q = 0. The inverse of this metric can be written as infinite sum of tensor products
It turns out that it is very profitable to express other quantities using the covariant objects defined in section 7 as well. First of all we find that the first order derivative of the Kähler potential simplifies to
The full metric in the transformed system is given by
where G σ is given by (8.4).
Vacua of the Grassmannian standard model
Section 6 discussed a chiral anomaly-free Grassmannian model with the fermion particle spectrum of the standard model. We now discuss the possible vacuum configurations of this model. Grassmannian models with doubling have been studied in a supergravity background [29] , but the authors did not include superpotential terms which can alter their claim that the fermion masses are of the order of the gravitino mass. Using the geometrical results of section 8 we can discuss the vacuum solutions of this model in an elegant and straightforward fashion.
Before going into the details of the model we first observe that -barring non-trivial topological effects [19] -the vacuum can always be chosen such that Q = 0. As the vacuum expectation values of Q andQ are constants, they can be set to zero by a global gauge transformation. Notice that Q = 0 is indeed a vacuum solution, because in the scalar potential Q andQ always appear together.
In the supergravity background the consistent model of U η (2, 3)/U(2) × U(3) with the chiral fermion content of the standard model should satisfy at least the following requirements in order not contradict the standard model phenomenology: the gauge group SU(3) × U em (1) Y w + I 3 is unbroken. Therefore all singlets under SU(2) should vanish in the vacuum; this holds in particular for the covariant superpotential W. Furthermore we demand that B − L is a good symmetry, also below the electroweak symmetry breaking scale. Only neutral parts of the Higgs SU(2) doublets may acquire a vacuum expectation value
The Killing potentials of the Y -charge and the weak-isospin
2)
are the only Killing potentials which do not necessarily vanish. The non-vanishing part of the scalar potential due to the D-terms is given by
When only the standard model gauge group is gauged, the gauge couplings are independend. We denote the U(1) gauge coupling constant by g Y , the gauge coupling constants for SU(2) and SU(3) by g 2 , g 3 . We observe, that there always is a D-term supersymmetry and internal symmetry breaking, and the minimum of the potential occurs at
in both cases (η = ±1). The other Killing potential takes the value
(9.5)
In section 4 we discussed special requirements which have to be fulfilled in order for < W >= 0 to be allowed. We investigate the consequences of these conditions. We assume that the covariant superpotential can be written as W = wf 3 W, eq. (2.32). (In general this may be a sum of such products.) For the invariant superpotential W one can take (6.4) . For the compensating superpotential w we can choose between two compensating superpotentials, see (6.2) where also their charges can be found. Because of the strong restriction that the covariant superpotential has to vanish in the vacuum, it follows that the gravitino mass vanishes. Therefore soft supersymmetry breaking masses can only arise due to the non-linear nature of the model. The minimal condition for which the covariant superpotential may vanish is that
This requirement specifies which version of U η (2, 3) one should use. The compensating superpotential w E is relevant in the non-compact version (η = −1) as the charge q E is positive, to incorporate proper electroweak symmetry breaking. However the charge of w L− is negative, so it should be used in the compact version (η = 1). When 0 < − 1 ω ≤ 1 the derivatives of the covariant superpotential should vanish as well.
We will now analyse the different cases in more detail, starting with w E . In the case that − From this equation together with (9.4) we get a prediction for the ratio of the two VEVs of the Higgses 9) which gives the unacceptable result tan β = ∞. The other vacuum solution leads to a tan β as given in eq. (9.8).
Conclusions
Effective field theory may serve as a powerful tool in the study of physics beyond the standard model up to the intrinsic cut-off scale, which could be as large as the Planck scale. If the theory is realized in a broken phase, the symmetries are non-linear. For N = 1 supersymmetric theories this involves the study of Kähler manifolds. Kählerian coset models provide a class of interesting examples, but unfortunately in their simplest version these models are inconsistent. Until recently the only known method to make these models consistent in a supersymmetric way, was by doubling the spectrum by adding mirror chiral superfields. The phenomenology of these doubling models is unsatisfactory as the fermions can easily get masses of the cut-off scale. If a renormalizable supersymmetric field theory is plagued by anomalies, one adds extra matter representations with the appropriate quantum numbers. When matter is coupled to Kähler models, this can be done similarly if the charges of the matter superfields can be manipulated freely. In ref. [16] we showed that it was possible to do this, and construct consistent supersymmetric σ-models without resorting to mirror chiral superfields. The crucial step is that one can couple a singlet to the Kähler manifold using the holomorphic functions F i in which the Kähler potential transforms. Once it was understood how to couple a singlet with an arbitrary U(1) charge to the σ-model, the door was open to change the charges of other matter representations as well using rescaling of these matter fields by a non-trivial singlet.
In this article we have reviewed and extended these ideas. The Killing potentials were used also to give a non-trivial example of a non-standard, non-minimal gauge kinetic function. We have discussed in detail the coupling of Kähler models with additional matter to supergravity. We showed that in supergravity the rescaling of the matter fields is a consequence of their Weyl-weights and the covariance of the Kähler potential. The compensating singlet of superconformal gravity can be used to cancel the transformation of the Kähler potential, before reducing it to supergravity. This singlet is used to set the Weyl-weights of the matter fields to zero. Doing this introduces the same additional transformation rules for the matter fields. Because of the transformation properties of the compensating singlet in supergravity, the superpotential has to be covariant as well. Using this covariant superpotential one can construct an invariant Kähler potential. With the auxiliary fields of the gauge multiplets coupling to the scalars via the Killing potentials we obtain additional contributions to the scalar potential.
The study of the vacuum configurations of these models implies that either the Kähler U(1) isometry is broken or additional requirements have to be satisfied. Either there is a relation between the cut-off scale f −1 , the Planck scale and the transformation properties of the covariant superpotential or there are more requirements on the VEVs of the scalar fields. Another consequence is that the gravitino mass vanishes in the case of an unbroken Kähler U(1).
The consistent system of σ-model and matter superfields can become quite complicated. In particular the various irreducible representations have mixed kinetic terms as the metric is not block diagonal. By applying a non-holomorphic transformation on covariant objects, like chiral fermions of the full model and derivatives of the scalars, it is possible to block-diagonalize the metric. This transformation also turns non-covariant objects, like the chiral fermions belonging to the matter sectors, into covariant ones. This method is explained in section 7 and the geometrical background can be found in the appendix. The automatic covarantizations are convenient consequences of this method, but other calculations are simplified as well.
All these different aspects are illustrated by the example of Grassmannian coset models U η (m, n)/U(m) × U(n). The properties of matter coupling to Grassmannian Kähler manifolds are described by using left-and right-covariant real composite superfields. This offers many different ways to construct nonequivalent invariant Kähler potentials for the matter fields. The algebra of isometries of the σ-models is discussed in detail, identifying the Kähler U(1) charge and a central charge.
At the classical level the isometries can be gauged by a straightforward procedure. Non-standard non-minimal kinetic terms for the gauge fields were constructed, but supersymmetry requires them to be accompanied by higher-derivative terms involving the components of the physical scalar supermultiplets. Some of these terms disappear in the broken phase of local gauge symmetries, in which case the U(1)-coupling constant is renormalized w.r.t. the remaining part of the gauge group.
As a practical illustration of the cancellation of the anomalies in a Grassmannian coset models, we discussed a model of the standard model where the superpartner of the quark-doublet is interpreted as the coordinates of the coset U η (2, 3)/U(2) × U(3). We showed how on this Kähler manifold matter representations could be added in such a way that the chiral fermion sector of the model coincides with the standard model. As the covariant superpotential plays an important role in supergravity, the construction of the superpotential was discussed in some detail. The power of the non-holomorphic transformation on covariant objects was illustrated for the calculation of the metric and first derivative of the Kähler potential; we obtained the expressions for the covariant chiral matter fermions in this way. We showed that in supergravity the Grassmannian version of the standard model leads to phenomenologically acceptable results only in very specific cases. The compensating superpotential is either w L− or w E , see eqs. (6.2). The former leads to two inequivalent vacua, of which only one is acceptable, as in the other case one of the two Higgses has a vanishing VEV. The covariant superpotential w E also gives rise to an acceptable vacuum, but with a different value for tan β.
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A Appendix: Geometry of Kähler manifolds
In section 2 we review the structure of N = 1 supersymmetric models in 4 dimensions and come across various geometrical objects like the metric, connection and curvature. These geometrical objects are used there as convenient short-hand to write the lagrangean in a compact form. They have very specific functions in the supersymmetric lagrangean: the kinetic energy of the scalars and the fermions are described by the metric. The Dirac operator that acts on the chiral fermions involved the connection and the four-fermion interactions couple via the curvature after the auxiliary fields are removed, see eq.(2.1). Section 7 discusses a few of these applications like how to define fermions in chiral matter multiplets in order that they transform covariantly and how to make the metric block diagonal. In this appendix we look at these objects from a geometrical point of view but keeping physical applications in mind. We consider a Kähler manifold described (locally) by a Kähler potential K(Z, Z) and treat the superpartners ψ A L of Z A in exactly the same way as covariant fields that live on this Kähler manifold. Various transformations that can act on covariant fields are studied in this appendix. In section 7 these transformations are used to cast the supersymmetric lagrangean involving matter multiplets into a form depending only on physical covariant fields.
Since a Kähler manifold is complex, the coordinate transformations preserving the complex structure are holomorphic A (Z, Z) are possibly non-holomorphic functions. This type of transformations can be used to make the physical content of a field theory more transparent, as is illustrated in section 7. The first thing to note is that these transformations can not be generated by non-holomorphic coordinates transformations because they would introduce terms involvingV 
The second term on the r.h.s. follows from eq.(A.6) and the third compensates for the fact that the ordinary derivative ∂ µ within D µ can hit the transformation matrix X Finally we investigate how the transformations (A.4) influence the curvature. The calculation follows the same line as above, but now it is really convenient to separate terms which do not have mixed transformations involving U andŪ . With this separation one can identify which terms behave as if the transformations (A.4) are holomorphic. We call these terms holomorphic and indicate them with a superscript H. The remaining terms have U's andŪ's with mixed indices. They are called non-holomorphic and are indicated by a superscript N.
As the curvature is a tensor under holomorphic transformations, the holomorphic part R H also transforms as a tensor under (A.4). By identifying the holomorphic and non-holomorphic parts we find
As we already know how the holomorphic part of the curvature transforms, we only have to consider the terms with non-holomorphic transformations. In these terms replace the remaining holomorphic like parts g H A ′ C ′ ,B ′ by (g ′ − g N ) A ′ C ′ ,B ′ . In section 7 we are not so much interested in the transformed curvature itself, but more in having a simple way to write expressions involving the curvature, like the four-fermion terms. Therefore we write .10) and notice that the second term depend on the order of the indices B ′ and B ′ and where the first is given bŷ
